Abstract. In this paper Hom-Lie algebras, Lie color algebras, Lie superalgebras and other type of generalized Lie algebras are recovered by means of an iterated construction, known as monadic decomposition of functors, which is based on Eilenberg-Moore categories. To this aim we introduce the notion of Milnor-Moore category as a monoidal category for which a MilnorMoore type Theorem holds. We also show how to lift the property of being a Milnor-Moore category whenever a suitable monoidal functor is given and we apply this technique to provide examples.
Introduction
Let (L : B → A, R : A → B) be an adjunction with unit η and counit ǫ. Then (RL, RǫL, η) is a monad on B and one can consider the Eilenberg-Moore category RL B associated to this monad and the so-called comparison functor K : A → RL B which is defined by KX := (RX, RǫX) and Kf := Rf. This gives the diagram
where the undashed part commutes. In the case when K itself has a left adjoint Λ one can repeat this construction starting from the new adjunction (Λ, K). Going on this way one possibly obtains a diagram of the form
o o . . .
U2,3
o o where it is more convenient to relabel (L, R) and (Λ, K) as (L 0 , R 0 ) and (L 1 , R 1 ) respectively. If there is a minimal N ∈ N such that L N is full and faithful, then R is said to have monadic decomposition of monadic length N . This is equivalent to require that the forgetful functor U N,N +1 is a category isomorphism and no U n,n+1 has this property for 0 ≤ n ≤ N − 1 (see e.g. [AGM, Remark 2.4] ). In [AGM, Theorem 3 .4], we investigated the particular case
where M denotes the category of vector spaces over a fixed base field k, Bialg M is the category of kbialgebras, T is the tensor bialgebra functor (the barred notation serves to distinguish this functor from the tensor algebra functor T : M → Alg M which goes into k-algebras) and P is the primitive functor which assigns to each k-bialgebra its space of primitive elements. We proved that this P has a monadic decomposition of monadic length at most 2. Moreover, when char (k) = 0, for every V 2 = ((V, µ) , µ 1 ) ∈ M 2 one can define [x, y] := µ (xy − yx) for every x, y ∈ V. Then (V, [−, −] ) is an ordinary Lie algebra and T 2 V 2 = T V / (xy − yx − [x, y] | x, y ∈ V ) is the corresponding universal enveloping algebra. This suggests a connection between the category M 2 and the category Lie M of Lie k-algebras. It is then natural to expect the existence of a category equivalence Λ such that the following diagram
HLie m m ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ ❩❩ commutes in its undashed part, where H Lie denotes the forgetful functor, U the universal enveloping bialgebra functor and P the corresponding primitive functor.
A first investigation showed that, in order to solve the problem above, it is more natural to work with braided k-vector spaces instead of ordinary k-vector spaces and to replace the categories M, Bialg M and Lie M with their braided analogues Br M , BrBialg M and BrLie M consisting of braided vector spaces, braided bialgebras and braided Lie algebras respectively. We were further led to substitute M with an arbitrary monoidal category M. We point out that, in order to produce a braided analogue of the universal enveloping algebra which further carries a braided bialgebra structure, the assumption that the underlying braiding is symmetric is also needed. Thus let Br functors involved). One of the main results in the paper is Theorem 7.1, which ensures that, for an MM-category M, the functor P s Br has a monadic decomposition of monadic length at most two. Moreover, in this case, we can identify the category (Br Br has a behaviour completely analogous to the classical vector space situation we investigated in [AGM, Theorem 3.4 ]. In the case of a symmetric MM-category M the connection with Milnor-Moore Theorem becomes more evident. In fact, in this case, we can apply Theorem 7.2 to obtain that the unit of the adjunction U, P is a functorial isomorphism.
The next step is to provide meaningful examples of MM-categories. A first result in this direction is Theorem 8.1, based on a result by Kharchenko, which states that the category M of vector spaces over a field of characteristic 0 is an MM-Category. Note that the Lie algebras involved are not ordinary ones but they depend on a symmetric braiding.
Much of the material developed in the paper (see e.g. Proposition 3.7, Theorem 8.3 and the construction of the adjunctions used therein) is devoted to the proof of our central result namely Theorem 8.4 which allows us to lift the property of being an MM-category whenever a suitable monoidal functor is given. A main tool in this proof is the concept of commutation datum which we introduce and investigate in Section 2. We use this Theorem 8.4 in the case of the forgetful functor F : M → M where M is a subcategory of M. The goal is to provide, in this way, meaningful examples of MM-categories M and, in the case when M is symmetric, to recognize the corresponding type of Lie algebras. A first example of MM-category obtained in this way is the category of Yetter-Drinfeld modules which is considered in Example 9.1. Subsection 9.1 (resp. 9.2) deals with the case when M is the category of modules (resp. comodules) over a quasi-bialgebra (resp. over a dual quasi-bialgebra). We prove that the forgetful functor satisfies the assumptions of Theorem 8.4 if and only if the quasi-bialgebra (resp. the dual quasi-bialgebra) is a deformation of a usual bialgebra, see Lemma 9.4 (resp. Lemma 9.13). As particular cases of this situation we prove that the category H (M) of [CG, Proposition 1.1 ] is an MM-category, see Remark 9.10. Note that an object in Lie M , for M = H (M), is nothing but a Hom-Lie algebra. In Remark 9.17, we recover (H, R)-Lie algebras in the sense of [BFM, Definition 4 .1] by considering the category of comodules over a co-triangular bialgebra (H, R) regarded as a co-triangular dual quasi-bialgebra with trivial reassociator. In particular, let G be an abelian group endowed with an anti-symmetric bicharacter χ : G × G → k \ {0} and extend χ by linearity to a k-linear map R :
denotes the group algebra. Then (k [G] , R) is a co-triangular bialgebra and, as a consequence, we recover (G, χ)-Lie color algebras in the sense of [Mo, Example 10.5.14] , in Example 9.18, and in particular Lie superalgebras in Example 9.19.
The appendices contain general results regarding the existence of (co)equalizers in the category of (co)algebras, bialgebras and their braided analogue over a monoidal category. These results are applied to obtain Proposition B.11, which is used in the proof of Theorem 7.1.
Preliminaries
In this section, we shall fix some basic notation and terminology. Notation 1.1. Throughout this paper k will denote a field. All vector spaces will be defined over k. The unadorned tensor product ⊗ will denote the tensor product over k if not stated otherwise.
Monoidal Categories.
Recall that (see [Ka, Chap. XI] ) a monoidal category is a category M endowed with an object 1 ∈ M (called unit ), a functor ⊗ : M × M → M (called tensor product ), and functorial isomorphisms a X,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z), l X : 1 ⊗ X → X, r X : X ⊗ 1 → X, for every X, Y, Z in M. The functorial morphism a is called the associativity constraint and satisfies the Pentagon Axiom, that is the equality (U ⊗ a V,W,X ) • a U,V ⊗W,X • (a U,V,W ⊗ X) = a U,V,W ⊗X • a U⊗V,W,X holds true, for every U, V, W, X in M. The morphisms l and r are called the unit constraints and they obey the Triangle Axiom, that is (V ⊗ l W ) • a V,1,W = r V ⊗ W , for every V, W in M.
A monoidal functor (also called strong monoidal in the literature) (F, φ 0 , φ 2 ) : (M, ⊗, 1, a, l, r)
between two monoidal categories consists of a functor F : M → M ′ , an isomorphism φ 2 (U, V ) :
, natural in U, V ∈ M, and an isomorphism φ 0 : 1 ′ → F (1) such that the diagram
is commutative, and the following conditions are satisfied:
. The monoidal functor is called strict if the isomorphisms φ 0 , φ 2 are identities of M ′ .
The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be introduced in the general setting of monoidal categories.
From now on we will omit the associativity and unity constraints unless needed to clarify the context. Let V be an object in a monoidal category (M, ⊗, 1). Define iteratively V ⊗n for all n ∈ N by setting V ⊗0 := 1 for n = 0 and V ⊗n := V ⊗(n−1) ⊗ V for n > 0. has a left adjoint T : M → Alg M . By construction ΩT V = ⊕ n∈N V ⊗n for every V ∈ M. For every n ∈ N, we will denote by α n V : V ⊗n → ΩT V the canonical injection. Given a morphism f : V → W in M, we have that T f is uniquely determined by the following equality
(1) ΩT f • α n V = α n W • f ⊗n , for every n ∈ N.
The multiplication m ΩT V and the unit u ΩT V are uniquely determined by
Note that (2) should be integrated with the proper unit constrains when m or n is zero.
The unit η and the counit ǫ of the adjunction (T, Ω) are uniquely determined, for all V ∈ M and (A, m A , u A ) ∈ Alg M by the following equalities Definition 1.4. Recall that a monad on a category A is a triple Q := (Q, m, u) , where Q : A → A is a functor, m : QQ → Q and u : A → Q are functorial morphisms satisfying the associativity and the unitality conditions m • mQ = m • Qm and m • Qu = Id Q = m • uQ. An algebra over a monad Q on A (or simply a Q-algebra) is a pair (X, µ) where X ∈ A and µ : QX → X is a morphism in A such that µ • Qµ = µ • mX and µ • uX = Id X . A morphism between two Q-algebras (X, µ) and (X ′ , µ ′ ) is a morphism f : X → X ′ in A such that µ ′ • Qf = f • µ. We will denote by Q A the category of Q-algebras and their morphisms. This is the so-called Eilenberg-Moore category of the monad Q (which is sometimes also denoted by A Q in the literature). When the multiplication and unit of the monad are clear from the context, we will just write Q instead of Q.
A monad Q on A gives rise to an adjunction (F, U ) := ( Q F, Q U ) where U : Q A → A is the forgetful functor and F : A → Q A is the free functor. Explicitly: U (X, µ) := X, U f := f and F X := (QX, mX) , F f := Qf.
Note that U F = Q. The unit of the adjunction (F, U ) is given by the unit u : A → U F = Q of the monad Q. The counit λ : F U → Q A of this adjunction is uniquely determined by the equality U (λ (X, µ)) = µ for every (X, µ) ∈ Q A. It is well-known that the forgetful functor U : Q A → A is faithful and reflects isomorphisms (see e.g. [Bo2, Proposition 4.1.4] ). Let (L : B → A, R : A → B) be an adjunction with unit η and counit ǫ. Then (RL, RǫL, η) is a monad on B and we can consider the so-called comparison functor K : A → RL B of the adjunction (L, R) which is defined by KX := (RX, RǫX) and Kf := Rf. Note that RL U • K = R. [Be, Definition 3, page 8] ) whenever the comparison functor K : A → RL B is an equivalence of categories. A functor R is called monadic if it has a left adjoint L such that the adjunction (L, R) is monadic, see [Be, Definition 3', page 8] . In a similar way one defines comonadic adjunctions and functors using the Eilenberg-Moore category LR A of coalgebras over the comonad induces by (L, R) .
The notion of an idempotent monad is tightly connected with the monadic length of a functor. The interested reader can find results on idempotent monads in [AT, MS] . Here we just note that the fact that (L, R) is idempotent is equivalent to require that ηR is a functorial isomorphism. .14]) Fix a N ∈ N. We say that a functor R has a monadic decomposition of monadic length N whenever there exists a sequence (R n ) n≤N of functors R n such that 1) R 0 = R; 2) for 0 ≤ n ≤ N , the functor R n has a left adjoint functor L n ; 3) for 0 ≤ n ≤ N − 1, the functor R n+1 is the comparison functor induced by the adjunction (L n , R n ) with respect to its associated monad; 4) L N is full and faithful while L n is not full and faithful for 0 ≤ n ≤ N − 1.
Compare with the construction performed in [Ma, 1.5.5, page 49] . Note that for functor R : A → B having a monadic decomposition of monadic length N , we have a diagram
where B 0 = B and, for 1 ≤ n ≤ N, • B n is the category of (R n−1 L n−1 )-algebras Rn−1Ln−1 B n−1 ;
• U n−1,n : B n → B n−1 is the forgetful functor Rn−1Ln−1 U . We will denote by η n : Id Bn → R n L n and ǫ n : L n R n → Id A the unit and counit of the adjunction (L n , R n ) respectively for 0 ≤ n ≤ N . Note that one can introduce the forgetful functor U m,n : B n → B m for all m ≤ n with 0 ≤ m, n ≤ N . Proposition 1.8 ( [AGM, Proposition 2.9] ). Let (L : B → A, R : A → B) be an idempotent adjunction. Then R : A → B has a monadic decomposition of monadic length at most 1.
We refer to [AGM, Remarks 2.8 and 2 .10] for further comments on monadic decompositions. Definition 1.9. We say that a functor R is comparable whenever there exists a sequence (R n ) n∈N of functors R n such that R 0 = R and, for n ∈ N, 1) the functor R n has a left adjoint functor L n ; 2) the functor R n+1 is the comparison functor induced by the adjunction (L n , R n ) with respect to its associated monad.
In this case we have a diagram as (5) but not necessarily stationary. Hence we can consider the forgetful functors U m,n : B n → B m for all m ≤ n with m, n ∈ N. Remark 1.10. Fix a N ∈ N. A functor R having a monadic decomposition of monadic length N is comparable, see [AGM, Remark 2.10] .
By the proof of Beck's Theorem [Be, Proof of Theorem 1] one gets the following result.
Lemma 1.11. Let A be a category such that, for any (reflexive) pair (f, g) ( [BW, 3.6, page 98] ) where f, g : X → Y are morphisms in A, one can choose a specific coequalizer. Then the comparison functor K : A → RL B of an adjunction (L, R) is a right adjoint. Thus any right adjoint R : A → B is comparable.
Lemma 1.12. Let F : C → B be a full and faithful functor which is also injective on objects. 1) Let G : A → B be a functor such that any object in B which is image of G is also image of F . Then there is a unique functor G : A → C such that F G = G.
2) Let G, G ′ : A → B be functors as in 1). For any natural transformation γ :
Commutation Data
Definition 2.1. A functor is called conservative if it reflects isomorphisms.
Lemma 2.2. Let (L, R) and (L ′ , R ′ ) be adjunctions that fit into the following commutative diagram of functors
Then there is a unique natural transformation ζ :
Moreover we have that
Definition 2.3. We will say that (
2 is a functorial isomorphism. The map ζ will be called the canonical transformation of the datum.
be a commutation datum of functors as in (6). Assume also that F preserves coequalizers of reflexive pairs of morphisms in A and that the comparison functors R ′ 1 and R 1 have left adjoints L ′ 1 and L 1 respectively. Then G lifts to a functor
) is a commutation datum. Furthermore the functor G 1 is conservative (resp. faithful) whenever G is. If G is faithful then G 1 is full (resp. injective on objects) whenever G is.
Proof. Denote by ζ the canonical map of the datum (
. By Lemma 2.2, ζ fulfills (9). By (7), we have λ • η ′ G = Gη and
Hence we can apply [Jo1, Lemma 1] to the case "K" = R ′ L ′ , "H" = RL and "T " = G. Thus we get a functor G 1 :
By the proof of [Be, Theorem 1], if we set π := ǫL 1 • LU η 1 , we get the following coequalizer of a reflexive pair of morphisms in A.
Since F preserves coequalizers of reflexive pairs of morphisms in A, we get the bottom fork in the diagram below is a coequalizer.
We compute
so that diagram (10) serially commutes. Since, in this diagram, the vertical arrows are isomorphisms, we get the upper fork is a coequalizer too. In a similar way, if we set
we have the coequalizer
. By the universal property of coequalizers, there is a unique morphism ζ 1 (B, µ) :
By the uniqueness of the coequalizers, ζ 1 (B, µ) is an isomorphism.
Let us check that
so that, we obtain that ǫ 1 • πR 1 = ǫ and Rπ • ηU = U η 1 and similar equations for (L ′ , R ′ ) . We compute
Since G and U are conservative (see [Bo2, Proposition 4.1.4 , page 189]), we get that f is an isomorphism.
If G is faithful, from U ′ G 1 = GU and the fact that U is faithful, we deduce that G 1 is faithful. Assume G is faithful and full. Let f ∈ B
Since ζ is an isomorphism and G is faithful, we get that
Assume G is faithful and injective on objects. If
In view of the assumptions on G and since ζ is an isomorphism, we get (B, µ) = (B ′ , µ ′ ) so that G 1 is faithful and injective on objects.
Lemma 2.6. Let (L, R) and (L ′ , R ′ ) be adjunctions of functors as in (6). Assume that R ′ ζR is a functorial isomorphism where ζ :
is an isomorphism and R ′ ζR is an isomorphism, we get that R ′ ζRA • η ′ GRA is an isomorphism. By (7) this means that GηRA is an isomorphism. Since G is conservative, we conclude.
2) (L, R) is idempotent if and only if ηR is a functorial isomorphism and similarly for (
is idempotent if and only if η ′ R ′ is a functorial isomorphism. If the letter condition holds then η ′ R ′ F is a functorial isomorphism and, by 1), so is ηR and hence (L, R) is idempotent.
is an isomorphism so is η.
Proof. By (7), we have
be a commutation datum. Assume also that F preserves coequalizers of reflexive pairs of morphisms in A and that G is conservative. Assume that both R and R ′ are comparable. Let N ∈ N. 1) Let A ∈ A be such that η
Proof. Apply Proposition 2.5 and Lemma 2.6. Next lemma will be a useful tool to construct new commutation data.
Lemma 2.9. Let (L ′ , R ′ ) be an adjunction and let F and G be full and faithful functors which are also injective on objects and have domain and codomain as in the following diagrams. Assume that any object in A ′ which is image of L ′ G is also image of F and that any object in B ′ which is image of R ′ F is also image of G. Set L := L ′ G and R := R ′ F with notation as in Lemma 1.12. Then L and R are the unique functors which make the following diagrams commute
is an adjunction with unit η : Id B → RL and counit ǫ : LR → Id A which satisfy
where η ′ and ǫ ′ are the corresponding unit and counit of (
Braided objects and adjunctions
Definition 3.1. Let (M, ⊗, 1) be a monoidal category (as usual we omit the brackets although we are not assuming the constraints are trivial). [Ka, Definition XIII.3 .1] where it is called a Yang-Baxter operator) if it satisfies the quantum Yang-Baxter equation
We further assume that c is invertible. The pair (V, c) will be called a braided object in M. A morphism of braided objects (V, c V ) and
This defines the category Br M of braided objects and their morphisms. 2) [Ba] A quadruple (A, m, u, c) is called a braided algebra if
• m and u commute with c, that is the following conditions hold:
A morphism of braided algebras is, by definition, a morphism of algebras which, in addition, is a morphism of braided objects. This defines the category BrAlg M of braided algebras and their morphisms.
3) A quadruple (C, ∆, ε, c) is called a braided coalgebra if
• (C, c) is a braided object in M;
• ∆ and ε commute with c, that is the following relations hold:
A morphism of braided coalgebras is, by definition, a morphism of coalgebras which, in addition, is a morphism of braided objects. This defines the category BrCoalg M of braided coalgebras and their morphisms. 4) [Ta, Definition 5 .1] A sextuple (B, m, u, ∆, ε, c) is a called a braided bialgebra if
• (B, m, u, c) is a braided algebra;
• (B, ∆, ε, c) is a braided coalgebra;
• the following relations hold:
A morphism of braided bialgebras is both a morphism of braided algebras and coalgebras. This defines the category BrBialg M of braided bialgebras.
Recall 
where the vertical arrows denote the obvious forgetful functors. Moreover 
Next aim is to recall some meaningful adjunctions that will be investigated in the paper.
3.4. Let M be a monoidal category. Assume that M has denumerable coproducts and that the tensor functors preserve such coproducts. In view of [AM, Proposition 3 .1], the functor Ω Br has a left adjoint T Br and the following diagrams commute. . The latter is proved by induction on t = m + n ∈ N using [AM, Proposition 2.7] .
Thus c Definition 3.5. Let M be a preadditive monoidal category with equalizers. Assume that the tensor functors are additive. Let C := (C, ∆ C , ε C , u C ) be a coalgebra (C, ∆ C , ε C ) endowed with a coalgebra morphism u C : 1 → C. In this setting we always implicitly assume that we can choose a specific equalizer
We will use the same symbol when C comes out to be enriched with an extra structure such us when C will denote a bialgebra or a braided bialgebra.
We now investigate some properties of T Br .
3.6. Let M be a preadditive monoidal category with equalizers and denumerable coproducts. Assume that the tensor functors are additive and preserve equalizers and denumerable coproducts. By 3.4, the forgetful functor Ω Br : BrAlg M → Br M has a left adjoint T Br : Br M → BrAlg M . In view of [AM, Lemma 3.4] , T Br induces a functor T Br such that
A → A ⊗ A and ε A : A → 1 are unique algebra morphisms such that
In view of [AM, Theorem 3.5] , the functor T Br has a right adjoint P Br : BrBialg M → Br M , which is constructed in [AM, Lemma 3.3] . The unit η Br and the counit ǫ Br are uniquely determined by the following equalities
where (V, c) ∈ Br M , B ∈ BrBialg M while η Br and ǫ Br denote the unit and counit of the adjunction (T Br , Ω Br ) respectively. Moreover ξ : P Br → Ω Br ℧ Br is a natural transformation induced by the canonical morphism in (26).
Note that from 3.4 it is clear that any object in the image of T Br I s Br has symmetric braiding and hence it is in the image of I s BrBialg . Let B ∈ BrBialg s M and set (P, c P ) := P Br I s BrBialg B. Since the tensor functors preserve equalizers, we have that ξB⊗ξB is a monomorphism so that we can apply 1) in Remark 3.2 to get that (P, c P ) ∈ Br (33) BrBialg 
Furthermore, by Lemma 1.12, the natural transformation ξ :
Proposition 3.7. Let (F, φ 0 , φ 2 ) : M → M ′ be a monoidal functor between monoidal categories. Assume that M and M ′ have denumerable coproducts and that F and the tensor functors preserve such coproducts. Then both
Proof. First we deal with (AlgF, F ) :
. By 3.3, we have that Ω ′ • AlgF = F • Ω. By Remark 1.3, we have that Ω and Ω ′ have left adjoints T and T ′ respectively. The structure morphisms φ 0 , φ 2 induce, for every n ∈ N, the isomorphism φ n V :
and, for n > 2
Using the naturality of φ 2 and (2) it is straightforward to check, by induction on n ∈ N, that
Let ζ be the map of Lemma 2.2 i.e.
denotes the canonical morphism. Since this equality holds for an arbitrary n ∈ N, we obtain
is an isomorphism as F preserves denumerable coproducts. Hence Ω ′ ζV is an isomorphism. This clearly implies ζV is an isomorphism and hence (AlgF,
. By 3.4, the functor Ω Br : BrAlg M → Br M has a left adjoint T Br : Br M → BrAlg M and the (co)unit of the adjunction obey (23). Moreover H Alg T Br = T H. By 3.3, we have
One easily checks that
By the first part of the proof, ζ is a functorial isomorphism so that we get that H ′ Alg ζ Br is a functorial isomorphism too. Since H ′ Alg trivially reflects isomorphisms, we get that ζ Br is a functorial isomorphism.
Proposition 3.8. Let M and M ′ be preadditive monoidal categories with equalizers. Assume that the tensor functors are additive and preserve equalizers in both categories. For any monoidal functor (F, φ 0 , φ 2 ) : M → M ′ which preserves equalizers, the following diagram commutes
where BrBialgF and BrF are the functors of 3.3. Moreover we have
Assume also that the categories M and M ′ have denumerable coproducts and that F and the tensor functors preserve such coproducts. Then (BrBialgF, BrF ) :
Proof. The first part is [AM, Proposition 3.6] . Let us prove the last assertion. Assume that the monoidal category M has denumerable coproducts and that the tensor functors preserve such coproducts. By 3.6, we have that P Br and P (40) and (37)-left induce the natural transformations
Using (32), (41) and (31), one easily checks that ℧ ′ Br ζ Br = ζ Br . By Proposition 3.7, we know that ζ Br is a functorial isomorphism. Since ℧ ′ Br is trivially conservative, we deduce that ζ Br is a functorial isomorphism too.
Braided Categories
A (symmetric) braided monoidal functor is a monoidal functor
More details on these topics can be found in [Ka, Chapter XIII] .
Remark 4.2. Given a braided monoidal category (M, ⊗, 1, c) the category Alg M becomes monoidal where, for every A, B ∈ Alg M the multiplication and unit of A ⊗ B are given by
Moreover the forgetful functor Alg M → M is a strict monoidal functor, cf. [JS, page 60] . 
In fact the functors J, J Alg and J Bialg add the evaluation of the braiding of M on the object on which they act. Moreover they are full, faithful, injective on objects and conservative.
Assume that M has denumerable coproducts and that the tensor functors preserve such coproducts. Then, by [AM, Proposition 4.5] , the following diagram (
Note that they are full, faithful, injective on objects and conservative and the following diagram commutes.
4.5. Let M be a preadditive braided monoidal category with equalizers. Assume that the tensor functors are additive and preserve equalizers. Define the functor [AM, 4.6] . The canonical inclusion ξP (B, ∆ B , ε B , u B ) : P (B, ∆ B , ε B , u B ) → B will be denoted by ξB. Thus we have the equalizer
where the horizontal arrows are the functors of 4.4. Furthermore (47) ξJ Bialg = Jξ.
Assume further that M has denumerable coproducts and that the tensor functors preserve such coproducts. By Remark 1.3, the forgetful functor Ω :
and hence, since I s BrAlg is both injective on morphisms and objects, we get that the following diagram commutes
In view of [AM, 4.8] , there is a functor
such that the following diagrams commute.
By [AM, Theorem 4.9] , the functor T is a left adjoint of the functor P : Bialg M → M. The unit η and counit ǫ of the adjunction are uniquely determined by the following equalities
where η and ǫ denote the unit and counit of the adjunction (T, Ω) respectively. We have that
so that the following diagram commutes.
Proposition 4.6. Let M be a preadditive braided monoidal category with equalizers. Assume that the tensor functors are additive and preserve equalizers. Assume further that M has denumerable coproducts and that the tensor functors preserve such coproducts. Then the morphism ζ : T Br J −→ J Bialg T of Lemma 2.2 is Id T Br J . In particular (J Bialg , J) : T , P → T Br , P Br is a commutation datum.
Proof. Consider the commutative diagram 46. By Lemma 2.2, then there is a unique natural transformation ζ : T Br J −→ J Bialg T such that P Br ζ • η Br J = Jη. By [AM, Equality (75) ], we also have η Br J = Jη. By uniqueness of ζ, we have ζ = Id T Br J .
Proposition 4.7. Let M be a preadditive symmetric monoidal category with equalizers. Assume that the tensor functors are additive and preserve equalizers. Assume further that M has denumerable coproducts and that the tensor functors preserve such coproducts. Then the morphism 
BialgF is an equivalence (resp. category isomorphism or conservative) whenever F is. 2) If F preserves equalizers, the following diagram commutes.
Lie algebras
The following definition extends the classical notion of Lie algebra to a monoidal category which is not necessarily braided. We expected this notion to be well-known, but we could not find any reference.
Definition 5.1. 1) Given an abelian monoidal category M a braided Lie algebra in M consists of a tern (M, c, [−] : M ⊗ M → M ) where (M, c) ∈ Br M and the following equalities hold true:
Of course one should take care of the associativity constraints, but as we did before, we continue to omit them. A morphism of braided Lie algebras (M, c,
This defines the category BrLie M of braided Lie algebras in M and their morphisms. Denote by 
This defines the category Lie M of Lie algebras in M and their morphisms. Note that there is a full, faithful, injective on objects and conservative functor
) which acts as the identity on morphisms. This notion already appeared in [Man, c) page 82] , where a Lie algebra in M is called an M-Lie algebra. Denote by
the obvious functor forgetting the bracket and acting as the identity on morphisms. Note that
Lie such that the following diagrams commute.
We point out that BrLie (53) holds, then we have that (54) is equivalent to
Proof. This proof is essentially the same as [GV1, Lemma 2.9].
Remark 5.4. In view of Lemma 5.3, in the particular case when M is the category of vector spaces and (M, c) ∈ Br M , conditions (53) and (59) encode the notion of Lie algebra in the sense of Gurevich's [Gu] .
Definition 5.5. Let M a preadditive monoidal category with equalizers and denumerable coproducts. Let (M, c) ∈ Br M . For α 2 M as in of Remark 1.3, we set
When M is braided and its braiding on M is c M,M we will simply write θ M for θ (M,cM,M ) .
Definition 5.6. Let M be a monoidal category. Let (A, m A , u A ) be an algebra in M and let f : X → A be a morphism in M. We set
When the category M is also abelian we can consider the two-sided ideal of A generated by f which is defined by ( f , i f ) := Im (Λ f ) and it has the following property (see e.g. [AMS2, Lemma 3.18]): for every algebra morphism g : A → B one has that g • i f = 0 if and only if g • f = 0.
Remark 5.7. Let M be an abelian monoidal category. Let (A, m A , u A ) be an algebra in M.
2) Assume that the tensor products preserve epimorphisms. Let f : X → A be a morphism in M and set (S, j : S → A) := Im (f ) . Define the ideal (S) generated by S by setting ((S) , i) := Im (Λ j ). Write f = j • p where p : X → S is an epimorphism. We compute Im (
Next aim is to construct suitable universal enveloping algebra type functors.
Remark 5.8. Let M an abelian monoidal category with denumerable coproducts. Assume that the tensor functors preserve denumerable coproducts. Note that M has also finite coproducts as it has a zero object and denumerable coproduct. Thus, by [St, Proposition 3.3 ] the tensor functors are additive as they preserve denumerable coproducts.
Proposition 5.9. Let M an abelian monoidal category with denumerable coproducts. Assume that the tensor functors are right exact and preserve denumerable coproducts.
Let 
We will use the equalities for the graded part c m,n A of the braiding c A which are in [AM, Proposition 2.7] . Note that, by [AM, (42 
for every m, n ∈ N. By induction on n ∈ N, using (55), one checks that
A . If we apply [AM, (32) and (34)], we get
If we apply this equality to the case " (l, m, n) " = (n, 1, 1) , we obtain
A , for every n ∈ N. Since f is an ideal of T M , it is clear that R is an algebra and p R is an algebra morphism. Consider the exact sequence
If we apply to it the functor A ⊗ (−), we obtain the exact sequence
Since the tensor products preserve epimorphisms, we have that
Since this holds for every n ∈ N and the tensor products preserve the denumerable coproducts, we get
Now using (14) and (66) 
We will prove that (
Note that the latter term vanishes as (A ⊗ p R ) c A (Λ f ⊗ A) = 0 by a similar argument to the one used to prove (p R ⊗ A) c A (A ⊗ Λ f ) = 0 and using (56).
If we rewrite (55) and (56) in terms of c −1 we get that M, c −1 fulfills (55) and (56). Thus we can repeat the argument above obtaining a morphism c
It is easy to check that c ′ R is an inverse for c R . By Lemma B.4, we get that (R, c R ) is an object in Br M and p R becomes a morphism in Br M from (A, c A ) to this object. We have
so that (13) holds for (R, m R , c R ) . Similarly one proves (14). Moreover
′ be a morphism of braided Lie algebras. Consider the morphism of braided algebras T Br ν :
′ and denote by p R ′ the corresponding projection and set
It is easy to check that U Br ν is a morphism of braided bialgebras. Since T Br is a functor it is then clear that U Br becomes a functor as well and that the projections define a natural transformation p : T Br H BrLie → U Br .
Let us construct U 
and use the notations of 3.6. Then,
Proof. Using, in the given order, (2), the multiplicativity of ∆ A , (28), the definitions of δ
A for i, j ∈ {1, 2} , the equalities c 
M⊗M , the equalities m 1 = r 1 = l 1 , the naturality of the unit constraints, l −1
M⊗M and r M ⊗ M = M ⊗ l M , the equality (3) and the naturality of the unit constraints one proves that
From this equality, composing with Id M⊗M − c on both sides, we get (68) holds true when c 2 = Id M⊗M .
On the other hand, (69) follows by (28), the definitions of δ l M and δ r M , the naturality of the unit constraints.
Proposition 5.11. Let (B, m B , u B , ∆ B , ε B , c B ) ∈ BrBialg M be a bialgebra in a monoidal category M. Assume that the category M is abelian and the tensor functors are additive and right exact. Let (R, m R , u R , c R ) ∈ BrAlg M and let p R : B → R be an epimorphism which is a morphism of braided algebras. Set (I, i I :
Then there are morphisms ∆ R , ε R such that (R, m R , u R , ∆ R , ε R , c R ) ∈ BrBialg M and p R is a morphism of braided bialgebras.
Proof. Since (R, p R ) = Coker (i I ) , by (70), there is a unique morphism ∆ R : , by (71) , there is a unique morphism ε R : R → 1 such that ε R • p R = ε B . The rest of the proof is straightforward and relies on the fact that p R ⊗ p R = (p R ⊗ R) (A ⊗ p R ) is an epimorphism by exactness of the tensor functors.
Theorem 5.12. Let M an abelian monoidal category with denumerable coproducts. Assume that the tensor functors are right exact and preserve denumerable coproducts. Then there is a functor . By Proposition 5.9, we know that p R : A → R is a morphism of braided algebras. Using (68) and (69), we get
Since p R is an algebra morphism and p R • i f = 0, we get that p R • f = 0. We want to apply Proposition 5.11 to the case (I,
is an algebra morphism as a composition of algebra morphisms (use e.g. [AM, Proposition 2.2-3)] to prove that p R ⊗ p R is an algebra morphism and use (19) to have that ∆ A is an algebra morphism), we have that (70) is equivalent to (p R ⊗ p R ) • ∆ A • f = 0 and the latter holds by (74), unitality of p R , naturality of the unit constraints, and the equality p R • f = 0.
Since ε A is an algebra morphism, we have that (71) if and only if ε A • f = 0 and the latter holds by definition of f and (30). Then, by Proposition 5.11, there are morphisms ∆ R , ε R such that (R, m R , u R , ∆ R , ε R , c R ) ∈ BrBialg M and p R is a morphism of braided bialgebras. By Remark 3.2-2) one easily checks that (R,
Using that p R is comultiplicative and natural, and that ΩH Alg ℧ Br T Br H BrLie v is a coalgebra morphism one easily gets 
is a morphism of braided objects. Using (57), (25), (63), (23), (4) and the equality p R = HΩ Br pI
(which follows by definition of p in Proposition 5.9), we obtain that ν = p R • α 1 M. By the latter formula, the fact that p R is a braided morphisms, the definition of c A given by [AM, (42) ], the multiplicativity of p R , using (2), (60) and the formula 
The latter equality will be used elsewhere.
As a consequence of the construction of U Br we can introduce an enveloping algebra functor U in the braided case. We remark that in [GV3, 2.2] such a functor is just assumed to exist and the functor L : Alg M → Lie M in the following result is also considered.
Theorem 6.2. Let M be an abelian symmetric monoidal category with denumerable coproducts. Assume that the tensor functors are right exact and preserve denumerable coproducts. There are unique functors U and L such that the following diagrams commute. 
Using that p R is comultiplicative, the equality (28), unitality of p R and the naturality of the unit constraints, one easily checks that (75), (25), (24), (35), (32). Since ǫ Br I s BrBialg B is a morphism of braided bialgebras and p R is an epimorphism and a morphism of braided bialgebras, it is straightforward to prove that also γ is. Hence there is a unique morphism ǫ Next aim is to prove that, in the symmetric case, the functor U factors through a functor
Theorem 6.4. Let M an abelian symmetric monoidal category with denumerable coproducts. Assume that the tensor functors are right exact and preserve denumerable coproducts. Then there are unique functors U and P such that the following diagrams commute (73) and (58) 
Stationary monadic decomposition
Theorem 7.1. Let M be an abelian monoidal category with denumerable coproducts. Assume that the tensor functors are exact and preserve denumerable coproducts. 2) The adjunction (T (60) and set A : ,c) . 
Since ξA is a monomorphism we get 
where in (*) we used that P
Br M 0 (true by definition of π 1 ) and [AGM, Lemma 3.3] . We have so proved (93) [ ,c) . Using the latter equality, (33) and that ν is a morphism in (Br Br coincide also on morphisms so that we obtain
Since H s BrLie , Λ Br and U 0,2 act as the identity on morphisms, we get H s BrLie • Λ Br = U 0,2 . In view (90), naturality of ξ, the equality ( * ) used above and (87) we obtain (79), naturality of ξ, (80), (75), (73), (94), again naturality of ξ and (88) in the given order, we get 
By the universal property of the coequalizer above, there is a braided bialgebra morphism τ M 2 : T s Br 1
Note that, by Proposition B.11, the morphism π s 1 M 1 can be chosen in such a way to be a coequalizer when regarded as a morphism in M. We already observed that p s is also an epimorphism in M. Using these facts one easily checks that χ 
Moreover, by (9) applied to our commutation datum, we have (ǫ
Note that the counit is an isomorphism so that Λ Br is full and faithful.
It is then clear that (P Theorem 7.2. Let M be an abelian symmetric monoidal category with denumerable coproducts. Assume that the tensor functors are exact and preserve denumerable coproducts.
The functor P is comparable so that we can use the notation of Definition 1.9. We have H Lie P = P and there is a functor Λ :
Moreover there exists a natural transformation χ : UΛ → T 1 U 1,2 such that such that
where p is the natural transformation of Theorem 6.4 and π 1 : T U 0,1 → T 1 is the canonical natural transformation defining T 1 . Assume η s BrL Λ Br is an isomorphism. 1) The adjunction (U, P) is idempotent.
2) The adjunction T 1 , P 1 is idempotent, we can choose T 2 := T 1 U 1,2 , π 2 = Id T 2 and T 2 is full and faithful i.e. η 2 is an isomorphism.
3) The functor P has a monadic decomposition of monadic length at most two. 4) (Id Bialg M , Λ) : (T 2 , P 2 ) → (U, P) is a commutation datum whose canonical transformation is χ. 5) The pair P 2 U, Λ is an adjunction with unit η L and counit (η 2 ) −1 • P 2 χ so that Λ is full and faithful. Hence η L is an isomorphism if and only if P 2 U, Λ is an equivalence of categories. In this case T 2 , P 2 identifies with U, P via Λ. Br is comparable and we can use the notation of Definition 1.9. By Lemma A.4 and Lemma 1.11 we have that P is also comparable. Applying iteratively Proposition 2.5, we get functors J 
. Thus any object in the image of Λ Br J s 2 is also in the image of J s Lie . Thus, by Lemma 1.12, there is a unique functor Λ :
This equality implies that Λ acts as the identity on morphisms and that
Note that, by Proposition 4.7, we have ζ
Lie is both injective on morphisms and objects, we get ΛP 2 = P. It is clear that H Lie Λ = U 0,2 . We have
Thus, by Lemma 1.12, there is a natural transformation χ :
We have
where (*) follows by construction of ζ is an isomorphism, we deduce that χ is an isomorphism too. Moreover, by (97), we also have that η L Λ is an isomorphism. From this we get that η L ΛP 2 is an isomorphism. Since ΛP 2 = P we have that η L P is an isomorphism. By [MS, Proposition 2.8] , this means that the adjunction (U , P) is idempotent.
Moreover, since η L Λ is an isomorphism, by (98), we deduce that η 1 U 1,2 is an isomorphism i.e. T 1 , P 1 is idempotent (cf. [AGM, Remark 2.2] ). Note that in this case we can choose T 2 := T 1 U 1,2 and it is full and faithful (cf. [AGM, Proposition 2.3]) i.e. η 2 is an isomorphism. The choice T 2 := T 1 U 1,2 implies we can choose the canonical projection π 2 : T 1 U 1,2 → T 2 to be the identity. In this case by definition, η 1 is given by the formula η 1 U 1,2 = U 1,2 η 2 . Thus the second term of 98 becomes U 0,1 η 1 U 1,2 = U 0,1 U 1,2 η 2 = U 0,2 η 2 = H Lie Λη 2 . Since H Lie is faithful, by (98) we obtain Pχ • η L Λ = Λη 2 which means that (Id Bialg M , Λ) : (T 2 , P 2 ) → (U , P) is a commutation datum whose canonical transformation is χ.
We already observed that Λ Br J
We know that J s Lie is full, faithful and injective on objects. Since J s fulfils the same properties, by Proposition 2.5 applied to the commutation datum J 
Lie . Then L = P 2 U and R = Λ, the pair (L, R) is an adjunction and the unit and counit of (L, R) and (L ′ , R ′ ) are related by (11). Since F and G are both conservative, we get that ǫ and η are an isomorphism whenever ǫ ′ and η ′ = η s BrL are. By Theorem 7.1, we know that Λ Br is full and faithful i.e. ǫ ′ is an isomorphism and hence ǫ is an isomorphism i.e. Λ is full and faithful. It is clear that P 2 U, Λ is an equivalence if and only if η is an isomorphism. By (82), we have J
Br ) 2 is an isomorphism by Theorem 7.1-2)). Using this equality we compute J
. Now, by construction of ζ s 2 (see the proof of Proposition 2.5), the fact that π 2 : T 1 U 1,2 → T 2 is the identity and that also π s 2 is the identity (see Theorem 7.1-2)), we have that ζ s 2 = ζ s 1 U 1,2 and hence
Thus, by (11), we get ǫ = (η 2 ) −1 • P 2 χ.
Definition 7.
3. An MM-category (Milnor-Moore-category) is an abelian monoidal category M with denumerable coproducts such that the tensor functors are exact and preserve denumerable coproducts and such that the unit η Remark 7.4. 1) The celebrated Milnor-Moore Theorem, cf. [MM, Theorem 5.18] states that, in characteristic zero, there is a category equivalence between the category of Lie algebras and the category of primitively generated bialgebras. The fact that the counit of the adjunction involved is an isomorphism just encodes the fact that the bialgebras considered are primitively generated. On the other hand the crucial point in the proof is that the unit of the adjunction is an isomorphism.
In our wider context this translates to the unit of the adjunction U 2) In the case of a symmetric MM-category M the connection with Milnor-Moore Theorem becomes more evident. In fact, in this case, we can apply Theorem 7.2 to obtain that the unit of the adjunction U, P is a functorial isomorphism.
Lifting the structure of MM-category
We first prove a crucial result for braided vector spaces.
Theorem 8.1. The category of vector spaces over a fixed field k of characteristic zero is an MMcategory.
Proof. Let M = M be the category of vector spaces over k. We have just to prove that η 
. In the rest of this section we will deal with symmetric braided monoidal categories M endowed with a faithful monoidal functor W : M → M which is not necessarily braided. The examples we will treat take M = M H for a dual quasi-bialgebra H or M = H M for a quasi-bialgebra case. Note that in general the obvious forgetful functors need not to be monoidal, see e.g. [Maj, Example 9.1.4 ] so that further conditions will be required on H. Note that the results on M H and H M are not dual each other, unless H is finite-dimensional.
Lemma 8.2. Let M and N be monoidal categories. Any monoidal functor (F, φ 0 , φ 2 ) : M → N induces a functor BrLieF : BrLie M → BrLie N which acts as F on morphisms and such that
Moreover the first diagram below commutes and there is a unique functor BrLie s F such that the second diagram commutes.
Furthermore the functors BrLieF and BrLie s F are conservative whenever F is.
Proof. It is straightforward.
Theorem 8.3. Let M and N be monoidal categories. Assume that both M and N are abelian with denumerable coproducts, and that the tensor functors are exact and preserves denumerable coproducts. Assume that there exists an exact monoidal functor (F, φ 0 , φ 2 ) : M → N which preserves denumerable coproducts. Then we have the following commutation data with the respective canonical transformations
Proof. A direct computation using (99) shows that
Since both functors act as F on morphisms, we get I
BrLie is both injective on morphisms and objects we obtain (BrLie
Now, using in the given order (57), (99), again (57), (41) ,cM ) . Let us check that the following is a coequalizer in BrAlg
Apply H Alg I s BrAlg to this diagram we get the diagram 
where, for sake of shortness, we set M := (M, c M , [−] M ) and F := BrAlg s F . One proves that the morphism
is an isomorphism (we just point out that, as one easily checks, the morphism φ 2 (M, M ) is a braided morphism so that the morphism above is well-defined) and it completes the diagram above on the left making it a serially commutative diagram. The fact it is serially commutative depends on the following equality that can be easily checked (103 Br is a functorial isomorphism. Theorem 8.5. Let M be the category of vector spaces over a field k with chark = 0. Let M be an abelian monoidal category with denumerable coproducts, such that the tensor functors are exact and preserve denumerable coproducts. Assume that there exists a conservative and exact monoidal functor (F, φ 0 , φ 2 ) : M → M which preserves denumerable coproducts. Then M is an MM-category.
Let (H, m, u, ∆, ε, φ, λ, ρ) be a quasi-bialgebra. It is well-known, see [Ka, page 285 and Proposition XV.1.2] , that the category H M of left H-modules becomes a monoidal category as follows. Given a left H-module V , we denote by µ = µ l V : H ⊗ V → V, µ(h ⊗ v) = hv, its left Haction. The tensor product of two left H-modules V and W is a module via diagonal action i.e. h (v ⊗ w) = h 1 v ⊗ h 2 w. The unit is k, which is regarded as a left H-module via the trivial action i.e. hk = ε (h) k, for all h ∈ H, k ∈ k. The associativity and unit constraints are defined, for all V, W, Z ∈ H M and v ∈ V, w ∈ W, z ∈ Z, by a V,W,Z ((v⊗w)⊗z) := φ 1 v⊗(φ 2 w⊗φ 3 z), l V (1⊗v) := λv and r V (v ⊗ 1) := ρv. This monoidal category will be denoted by ( H M, ⊗, k, a, l, r) . Given an invertible element α ∈ H ⊗ H, we can construct a new quasi-bialgebra H α = (H, m, u, ∆ α , ε, φ α , λ α , ρ α ) where
Definition 9.3. We refer to [Ka, Proposition XV.2 .2] but with a different terminology (cf. [Dr, page 1439] ). A quasi-bialgebra (H, m, u, ∆, ε, φ, λ, ρ) is called quasi-triangular whenever there exists an invertible element R ∈ H ⊗ H such that, for every h ∈ H, one has
where
is braided if and only if there is an invertible element R ∈ H ⊗ H such that (H, m, u, ∆, ε, φ, λ, ρ, R) is quasi-triangular. Note that the braiding is given, for all X, Y ∈ H M, by
Moreover H M is symmetric if and only if we further assume R 2 ⊗ R 1 = R −1 . Such a quasibialgebra will be called a triangular quasi-bialgebra. A morphism of triangular quasi-bialgebras is just a morphism of the underlying quasi-triangular quasi-bialgebras structures.
Given an invertible element α ∈ H ⊗ H, if H is (quasi-)triangular so is H α with respect to
Let (H, m, u, ∆, ε, φ, λ, ρ) be a quasi-bialgebra. We want to apply Theorem 8.5 to the case M = H M. Let F : H M → M be the forgetful functor. We need a monoidal (F, ψ 0 , ψ 2 ) :
Lemma 9.4. Let (H, m, u, ∆, ε, φ, λ, ρ) be a quasi-bialgebra. Let F : H M → M be the forgetful functor. The following are equivalent.
(1) There is a natural transformation ψ 2 such that (F, Id k , ψ 2 ) :
(2) There is an invertible element α ∈ H ⊗ H such that H α is an ordinary bialgebra. (3) There is an invertible element α ∈ H ⊗ H such that
Proof. Note that F : H M → M is clearly conservative and preserves equalizers, epimorphisms and coequalizers. Furthermore we need H M to be braided.
Theorem 9.5. Let (H, m, u, ∆, ε, φ, λ, ρ) be a quasi-bialgebra such that (104) and (105) hold for some invertible element γ ∈ H ⊗ H. Let M be the monoidal category ( H M, ⊗, k, a, l, r) of left modules over H. Assume chark = 0. Then M is an MM-category. In particular, if (H, m, u, ∆, ε, φ, λ, ρ) is endowed with a triangular structure, then M is a symmetric MM-category.
Proof. First note that M is a Grothendieck category. In M the tensor products are exact and preserve denumerable coproducts. We can apply Theorem 8.5 to the monoidal functor (F, Id k , ψ 2 ) :
If (H, m, u, ∆, ε, φ, λ, ρ) is endowed with a triangular structure, by the foregoing M is also symmetric monoidal.
Example 9.6. Let H be a bialgebra over a field k of characteristic zero. Then H is a quasibialgebra with φ, λ, ρ trivial. Note that (104) and (105) hold for γ = ε H ⊗ ε H . Thus, by Theorem 9.5, the monoidal category H M of left modules over H is an MM-category.
Example 9.7. Examples of triangular quasi-bialgebra structures on the group algebra k [G] over a torsion-free abelian group G are investigated in [ABM, Proposition 3] . Consider the particular case when G = g is the group Z in multiplicative notation, where g is a generator. Let (q, a, b) ∈ (k\{0}) × Z × Z. In view of [ABM, Proposition 3] , we have the triangular quasi-bialgebra
In order to apply Theorem 9.5 in case
q , we must check that (104) and (105) hold for some invertible element γ ∈ H ⊗ H. By [ABM, Theorem 2] 
is the usual bialgebra structure on the group algebra regarded as a trivial triangular quasi-bialgebras (i.e. φ, λ, ρ, R are all trivial). Set γ := α −1 = qg a ⊗ g −b . Then H γ = k g which is an ordinary bialgebra so that, by Lemma 9.4 we have that (104) and (105) hold for our γ. Hence by Theorem 9.5 the symmetric monoidal category ( H M, ⊗, k, a, l, r) of left modules over H is an MM-category.
Definition 9.8. Let C be an ordinary category. Following [CG, Section 1], we associate to C a new category H (C) as follows. Objects are pairs (M, f M ) with M ∈ C and
The category H (C) is called the Hom-category associated to C.
Example 9.9. Take C := M. In view of [ABM, Theorem 4] , to each datum (q, a, b) ∈ (k\{0})×Z×Z one associates a monoidal category
, a, l, r) which consists of the category H(M) equipped with a suitable braided (actually symmetric) monoidal structure. By [ABM, Theorem 4] there is a strict symmetric monoidal category isomorphism (W, w 0 , w 2 ) :
where f X (x) := µ X (g ⊗ x) , for all x ∈ X, and on morphisms by W ξ = ξ.
Composing R (H ⊗ m) =Remark 9.17. Let (H, m, u, ∆, ε, ω, R) be a co-triangular dual quasi-bialgebra. Assume that ω fulfills (111) for γ = ε H ⊗ε H . This means ω = ε H ⊗ε H ⊗ε H and (H, m, u, ∆, ε, R) is a co-triangular bialgebra i.e. for every x, y, z ∈ H we have
Let (M, [−]) ∈ Lie M . Then 53 and 59 become 
which is the universal enveloping algebra of our (H, R)-Lie algebra, see e.g. [FM, (2.6) ]. Note that, as a by-product, we have that
Example 9.18. Let k be a field with char(k) = 0 and let G be an abelian group endowed with an anti-symmetric bicharacter χ : G × G → k \ {0}, i.e. for all g, h, k ∈ G, we have:
Extend χ by linearity to a k-linear map R : 
The braiding is given on homogeneous elements by
where |v| denotes the degree of v. In this case a (H, R)-lie algebra (V, [−, −] ) in the sense of [BFM, Definition 4 .1] means
Multiplying by χ (|z| , |x|) the two sides of the second equality, we get the equivalent
This means that (V, [−, −] ) is a (G, χ)-Lie color algebra in the sense of [Mo, Example 10.5.14] . Note that the braiding defined in [Mo, page 200] 
so that we should say more precisely that (V, [−, −] ) is a G, χ −1 -Lie color algebra. The corresponding enveloping algebra is
Example 9.19. Lie superalgebras are a particular instance of the construction above. One has to take G = Z 2 and consider the anti-symmetric bicharacter χ :
The coequalizer of algebra morphisms α, β : E → A is, as an object in M, the coequalizer (B, π : A → B) of (Λ α , Λ β ) in M and the algebra structure is the unique one making π an algebra morphism.
Lemma A.4. Let M be a monoidal category. 1) If M has coequalizers then Coalg M has coequalizers, and ℧ : Coalg M → M preserves coequalizers. Moreover if the tensor products preserve the coequalizers in M, then Alg M has coequalizers.
2) If M has equalizers then Alg M has equalizers, and Ω : Alg M → M preserves equalizers. Moreover if the tensor products preserve the equalizers in M, then Coalg M has equalizers.
3) If M is braided, it has coequalizers and the tensor products preserve them, then Bialg M has coequalizers and ℧ : Bialg M → Alg M preserves coequalizers. 4) If M is braided, it has equalizers and the tensor products preserve them, then Bialg M has equalizers and Ω : Bialg M → Coalg M preserves equalizers.
Proof. 1) The first part follows by Lemma A.2 and uniqueness of coequalizers in Coalg M . By A.3, Alg M has coequalizers. 2) is dual to 1).
3) Note that Bialg M = Coalg N for N := Alg M . By 1) we have that N has coequalizers and then Coalg N has coequalizers, and ℧ : Coalg N → N preserves coequalizers. 4) is dual to 3).
Lemma A.5. Let M be a braided monoidal category. Assume that M is abelian and that the tensor functors preserves equalizers, coequalizers. 1) Let α : J Bialg D → E be a morphism in BrBialg M . Then there is a bialgebra Q ∈ Bialg M a morphism π : D → Q in Bialg M and a morphism σ : J Bialg Q → E in BrBialg M such that α = σ•J Bialg (π) and σ and π are a monomorphism and an epimorphism respectively when regarded as morphism in M.
2) The functor J Bialg : Bialg M → BrBialg M preserves coequalizers.
3) Assume that M is symmetric. Then J 
Let us check that J Bialg preserves this coequalizer. Let α : J Bialg D → Z be a morphism in BrBialg M such that αe 0 = αe 1 . By 1) we write α = σ • J Bialg (π). Since σ is a monomorphism in M, we have that πe 0 = πe 1 . Since the coequalizer (E, p) is in Bialg M , there is a unique morphism π : E → Q in Bialg M such that π • p = π. Set α := σπ : E → Z as morphisms in M. Then αp = σπp = σπ = α. Moreover σ and π commute with (co)multiplications and (co)units and
We have so proved that α is a morphism in BrBialg M from J Bialg E to Z. Let β : J Bialg E → Z in BrBialg M be such that βp = α as morphisms in BrBialg M . Then βp = αp as morphisms in M. Since (E, p) is a coequalizer in Bialg M and M has coequalizers (it is abelian) we have that (E, p) can be constructed as a suitable coequalizer in M (cf. the proof of Lemma A.4) so that p is an epimorphism in M. Hence we get β = α as morphisms in M whence in BrBialg M .
3) By 2) J Bialg : Bialg M → BrBialg M preserves the coequalizers. Since J Bialg = I For the reader's sake we write here a proof in the specific case we are concerned.
Theorem A.6. Let M be a monoidal category.
1) If the forgetful functor Ω : Alg M → M has a left adjoint, then Ω is monadic. In fact the comparison functor is a category isomorphism. 2) If the forgetful functor ℧ : Coalg M → M has a right adjoint, then ℧ is comonadic. In fact the comparison functor is a category isomorphism.
Proof. 1) We will apply Theorem [BLV, Theorem 2.1] (which is a form of Beck's Theorem). First, in order to prove that Ω is monadic, we have to check that Ω is conservative and that for any reflexive pair of morphisms in Alg M whose image by Ω has a split coequalizer has a coequalizer which is preserved by Ω. Clearly if f is a morphism in Alg M such that Ωf is an isomorphism then the inverse of Ωf is a morphism of monoids whence it gives rise to an inverse of f in Alg M . Thus Ω is conservative. Moreover c gives rise to a morphism q : A ′ → Q in Alg M such that Ωq = c. Since Ω is faithful, it is straightforward to check that (Q, q) is the coequalizer of (d 0 , d 1 ) in M m . Thus Ω is monadic.
Let us check that the comparison functor is indeed a category isomorphism. It suffices to check that for any isomorphism f : ΩX → B in the category M there exists a unique pair (A, g : X → A) , where A is an object in Alg M and g a morphism in Alg M , such that ΩA = B and Ωg = f . This is trivial (just induce on B the monoid structure of X via f ).
2) It is dual to 1).
Example A.7. Let k be a field. Let M be the category of vector spaces over k. 1) By [Sw, Theorem 6.4 .1], the forgetful functor ℧ : Coalg M → M has a right adjoint given by the cofree coalgebra functor.
2) By [Ag, Theorem 2.3] , the forgetful functor ℧ : Bialg M → Alg M has a right adjoint. In both cases, by Theorem A.6, we have that ℧ is comonadic and that the comparison functor is a category isomorphism.
Lemma A.8. Let M be a monoidal category. Assume that the tensor functors preserve coequalizers of reflexive pairs in M. Given two coequalizers
in M, where (f 1 , g 1 ) and (f 2 , g 2 ) are reflexive pairs of morphisms in M, we have that
is a coequalizer too.
Proof. See [Va, Proposition 2] (where we can drop the assumption on abelianity as the result follows by [Jo2, Lemma 0.17] where this condition is not used).
Proposition A.9. Let M be a monoidal category. Assume that the tensor functors preserve coequalizers of reflexive pairs in M. Then the forgetful functor Ω : AlgM → M creates coequalizers of those pairs (f, g) in AlgM for which (Ωf, Ωg) is a reflexive pair. Proof. 1) In view of A.3, the coequalizer of the pair (α, β) of algebra morphisms E → A is, as an object in M, the coequalizer (B, π : A → B) of (Λ α , Λ β ) in M and the algebra structure is the unique one making π an algebra morphism. Since F preserves coequalizers, we get the coequalizer in N F (A ⊗ E ⊗ A)
Note that, since AlgF is a functor, we have that F A, F B are algebras and F π is an algebra morphism. Using the definition of Λ α , the naturality of φ 2 , the equality m F A = F m A • φ 2 (A, A) and the definition of Λ F α one proves that F (Λ α ) • φ 2 (A ⊗ E, A) • (φ 2 (A, E) ⊗ F A) = Λ F α and similarly with β in place of α. Since φ 2 (A ⊗ E, A) • (φ 2 (A, E) ⊗ F A) is an isomorphism, we get the coequalizer
By construction we get that (F B, F π) is the coequalizer of (Λ F α , Λ F β ) in N . Since, as observed, F A and F B are algebras and F π is an algebra morphism, we conclude that (F B, F π) is the coequalizer of (F α, F β) in N (apply A.3 again).
2) Consider a coequalizer of a reflexive pair in BrBialg M 
Since BrBialgF is a functor we have that F E is a braided bialgebra and F d is a morphism in BrBialg N . Now, by construction π is a suitable coequalizer in N (which further inherits a proper braided bialgebra structure) so that, by assumption it is preserved by the tensor functors. Hence both π and π ⊗ π are epimorphisms in N . Using these properties one proves that ξ : E ′ → F E is a morphism in BrBialg N . Since ξ is invertible, we obtain that (F E, F d) is the coequalizer of (F e 0 , F e 1 ) in BrBialg N i.e. BrBialgF : BrBialg M → BrBialg N preserves coequalizers of reflexive pairs of morphisms. The symmetric case follows analogously once observed that F preserves symmetric objects, see 3.3.
Proposition B.11. Let M be a monoidal category. Assume that M has a coequalizers and that the tensor functors preserve them. Consider a right adjoint functor R : BrBialg M → B into an arbitrary category B. Then the comparison functor R 1 has a left adjoint L 1 which is uniquely determined by the following properties. 1) For every object (B, µ) ∈ RL B, there is a morphism π (B, µ) : LB → L 1 (B, µ) such that
is a coequalizer in M, where Γ := ΩH Alg ℧ Br : BrBialg M → M denotes the forgetful functor.
2) The bialgebra structure of ΓL 1 (B, µ) is uniquely determined by the fact that Γπ (B, µ) is a morphism of braided bialgebras in M.
3) R is comparable.
4) The statements above still hold true when BrBialg s M replaces BrBialg M . Proof. By Beck's Theorem, it suffices to check that for every (B, µ) ∈ RL B the fork (Lµ, ǫLB) has a coequalizer in BrBialg M , where L denotes the left adjoint of R and ǫ : LR → Id BrBialg M the counit of the adjunction. Now Lµ • LηB = Id LB = ǫLB • LηB where η : Id B → RL is the unit of the adjunction. Thus (Lµ, ǫLB) is a reflexive pair of morphisms in BrBialg M . Therefore (ΓLµ, ΓǫLB) is a reflexive pair of morphisms in M. By Corollary B.9, the pair (Lµ, ǫLB) has a coequalizer in BrBialg M which is preserved both by the functors ℧ Br : BrBialg M → BrAlg M , H Alg ℧ Br : BrBialg M → Alg M and Γ := ΩH Alg ℧ Br : BrBialg M → M. By construction the coequalizer of (Lµ, ǫLB) is (L 1 (B, µ) , π (B, µ) : LB → L 1 (B, µ)) . Furthermore (113) is a coequalizer in M and the bialgebra structure of ΓL 1 (B, µ) is uniquely determined by the fact that Γπ (B, µ) is a morphism of braided bialgebras in M. By Lemma 1.11, R is comparable.
The symmetric case follows analogously.
